Viscous elongation of glass rods has been investigated to improve procedures for producing parabolic capillaries from straight capillaries for use as intensity concentrating x-ray optical elements. Experiments and simulations have been carried out pulling Corning 7740 borosilicate glass rods in a cylindrical furnace. Simulations were based on one-dimensional and two-dimensional finite difference/element calculations, assuming that deformation occurred by linear viscous flow and that the temperatures in the glass remained in equilibrium with the temperatures measured along the axis of the furnace. Rates of elongation in experiments were smaller than those in simulations for later stages of the elongation process. Further experimental and analytical investigations ruled out explanations based on increased viscosities caused by structural relaxation or by partial crystallization and showed that the simulations gave incorrect results because they did not incorporate the dependence of local heat transfer processes on the glass rod radius.
I. INTRODUCTION
Shaped glass capillaries have been used to confine and focus x-rays emitted from conventional or synchrotron sources by total reflection of the x-rays from the inner walls of the capillaries. [1] [2] [3] [4] [5] [6] [7] For a parabolic capillary and incident x-rays parallel to the capillary axis, the emitted x-rays are expected to be concentrated and to form a focal spot. 7 Shaped capillaries for x-ray optical elements have been formed from straight capillaries by controlled viscous deformation using local heating and uniaxial tensile loading. Bilderback et al. 4 have used a fixed cylindrical furnace and computer controlled loading forces to control the shape of capillaries. Hwang et al. 8 have used computer controlled furnace translations with a fixed loading force, including a computer simulation program to predict capillary shapes for differently programmed furnace translations. This paper describes experiments and simulations for shaping glass rods or capillaries using local heating and uniaxial tensile loading.
II. DESCRIPTION OF MATERIALS AND EXPERIMENTS
In the present experiments, 3 mm diameter Corning 7740 borosilicate glass rods were used in place of 3 mm outer diameter, 25 or 100 m inner diameter, capillaries, also made of Corning 7740 borosilicate glass that were to be formed as x-ray optical elements. Deformation behavior of the rods and capillaries have been found to be nearly identical, 8 and the rods cost much less than the capillaries.
The reported temperature-dependent shear viscosity ͑T͒ for Corning 7740 borosilicate glass is shown in Fig. 1 and can be well represented by which is plotted in Fig. 1 . The equipment used for the elongation studies shown in Fig. 2 consists of a resistively heated cylindrical furnace, a K-type thermocouple attached to the inner wall of the furnace near its center, and an variable voltage ac power supply. Overall dimensions of the cylindrical furnace were 65 mm outer diameter, 13 mm inner diameter, and 140 mm length. The furnace was mounted on 300 mm vertical motorized, computer controlled translation stage. The translation stage was used to map out the temperature distribution along the axis of the furnace, as noted below. Computer-controlled translation of the furnace during capillary elongation has also been used to produce parabolic profiles for x-ray focusing optics. The temperature along the axis of the furnace was measured using a K-type thermocouple in a 0.5 mm inner diameter, 2 mm outer diameter silica capillary that was translated along the axis of the furnace, while recording the thermocouple output and the position of the thermocouple junction within the furnace. Silica was used because it has much higher viscosity than borosilicate glass for the range of temperatures used in these experiments, so the silica capillary would not deform during the temperature measurements. The temperature measured by the thermocouple attached to the inner wall of the furnace near its center as a function of the supplied ac voltage is shown in Fig. 3 . These temperatures are referred to as "set point temperatures" for each furnace voltage setting.
Distributions of temperature measured along the axis of the furnace are shown in Fig. 4 as a function of the distance from the top of the furnace. As expected, the temperature is highest near the middle of the furnace. The shape of the temperature distribution is very similar for different furnace voltages. Black and white dots were obtained at set point temperatures of 328°C and 642°C, respectively. The vertical axis on a left ͑right͒ side denotes the temperatures at the set-point temperature 328°C ͑642°C͒.
For the glass rod elongation experiments, a 40 cm long rod was inserted in the furnace, held at its top end by a cylindrical chuck. The furnace voltage was selected to obtain the desired set point temperature. After sufficient time for the glass rod and furnace to reach steady state temperatures, a cylindrical chuck was attached to the bottom end of the rod, with a chosen, additional weight suspended from the chuck. The total weight applied to the glass rod was given by the sum of the weight of the chuck plus that of the additional weight. The rod length was then monitored as a function of time. After the elongation reached a chosen value, the weighted chuck was removed from the rod, and the rod was removed from the furnace. The rod diameter was then measured as a function of distance along the length of the rod.
III. RESULTS FROM ELONGATION EXPERIMENTS
Experiments were carried out for three different set point temperatures, 712, 731, and 760°C, using the same 46.8 g applied weight. The measured elongation lengths as a function of time are shown in Fig. 5 . For all of the measurements elongation begins at time= 0 s. As expected, the elongation rate is higher for the higher temperatures. These data show nearly linear initial increases in elongation lengths with time, followed by decreasing elongation rates.
Elongation lengths were also measured as a function of time for the same set point temperature, 760°C, and for three different applied weights, 46.8, 71.8, and 96.8 g. Nor- malizing the elongation lengths by dividing the lengths by the applied weight for each of the three data sets gives the plots of normalized elongation length versus time in Fig. 6 . These data demonstrate the elongation rate is proportional to the applied weight, and that the initial elongation rate normalized by the applied weight is 2.6ϫ 10 −4 cm/ s g for the set point temperature of 760°C.
The measured outer diameter profiles of tapered glass rods as a function of distance along the rod length for a weight of 46.8 g and set point temperatures of 712, 731, and 760°C are shown in Fig. 7 . The measured outer diameter profiles of tapered glass rods as a function of the distance with weights 46.8, 71.8, and 96.8 g for a set point temperature of 760°C are shown in Fig. 8 . These data show that the diameter profiles were nearly independent of set point temperatures and weights. The profiles depended mainly on the total elongation length, rather than on the elongation rates.
IV. DESCRIPTION OF SIMULATIONS

A. Initial uniaxial elongation rate
The initial elongation rate, when the rod has not started to deform significantly, can be determined analytically with respect to the initial geometry assuming a uniaxial tensile stress along the rod. The uniaxial tensile stress zz and tensile strain zz are related to the viscosity , 10,11
for a linear, incompressible, viscoelastic fluid, where z is the axis along the rod/capillary. To model deformation of glass rods and capillaries, the length as a function of time L͑t͒ for a given initial uniform cross-sectional area A 0 and applied tensile force F was calculated as a function of time t during viscous flow. Since the temperature and viscosity depend on position along the axis of the furnace, elongation and shaping of glass rods and capillaries occur by nonuniform deformation. However, the initial rate of elongation can be calculated easily from the temperature distribution along the furnace axis T͑z͒, the temperature-dependent viscosity ͑T͒, where z is measured from the top of the rod, is taken to be positive in the downward direction, and is in cm. In Eqs. ͑3a͒ and ͑3b͒, the weight of the rod itself is also included in the force F, which contributes less than 10% to the value of zz ͑z͒. The viscosity depends on z through position dependence of the temperature T͑z͒. A polynomial fit T͑z͒ was made to the measured temperature distribution corresponding to set point temperature of 760°C, as shown in The temperature-dependent glass viscosity was represented by Eq. ͑1͒. The resulting z-dependent strain rate ͑d zz ͑z͒ / dt͒ may then be determined by substituting Eqs. ͑1͒, ͑3b͒, ͑4͒, and ͑5͒ into ͑2͒ and is show in Fig. 10 . The initial rate of elongation is given by dl dt
or ͑dl / dt m͒ = 0.81ϫ 10 −4 cm/ s g, which is about three times smaller than the observed elongation rates shown in Fig. 6 , ͑dl / dt m͒ = 2.6ϫ 10 −4 cm/ s g. Because of the very strong dependence of the viscosity on temperature, only a few percent difference in the maximum absolute temperature causes large changes in the calculated elongation rate, as shown in Fig. 11 . An increase in about 3%, or 32°C, in the maximum temperature gives agreement between the calculated and measured initial elongation rates.
B. Longer time uniaxial elongation
For simulation of longer time uniaxial elongation, it is necessary to consider the change in cross-sectional area and position of material elements along the z axis as the capillary deforms. If the stress is assumed to be primarily uniaxial and not varying in the radial direction, a one-dimensional finite difference simulation, updating and tracking the position and cross-section of each material element along the z axis is sufficient. 8 Inputs to the simulation are the temperature as a function of position z along the axis of the furnace T͑z͒, the glass viscosity as a function of temperature ͑T͒, the applied tensile force F, the initial cross-sectional area A 0 , the element length ⌬L, the time step ⌬t, and the final length L max . For the calculation, the section of the glass capillary or rod within the furnace length L F = 14 cm is divided into a grid of n = ͑L F / ⌬L͒ = 60 elements, each with the same length ⌬L and initial cross-sectional area A 0 but with different temperatures and viscosities. Each element is deformed based on Eq. ͑2͒ for time steps ⌬t = 1 s. Smaller time intervals are used in latter stages of the elongation.
After each deformation step, all elements have different lengths and cross-sectional areas but all maintain the same volume ⌬LA 0 . The deformed structure is then regrided to be described by new elements with the initial lengths ⌬L and recalculated areas, and radii, that reflect the local deformation that has taken place. New elements are defined for segments of the rod that have left the furnace. Further deformation steps with new elements and regriding are performed until the simulated glass has deformed to the specified final length. The outputs of the simulation are the total glass length as a function of time and the final glass profile, or radius, as a function of position z.
To verify that the uniaxial simulation was adequate, twodimensional ͑2D͒ axisymmetric finite element simulations were also performed, and the radial, circumferential, and shear stresses were computed throughout the rod. 12 The rod was modeled using 1000 eight-noded quadrilateral finite elements, 500 along the length and two in the radial direction. The velocities were computed at the nodes and the nodal positions were updated using a central difference scheme. A time step of 2.5 s was found to give converged results. Mesh convergence was also verified. Results for elongation versus time are shown in Fig. 12 , which agree with the simple, short time simulation initially, and also agree with the long time uniaxial simulation.
The long time one-dimensional, uniaxial simulation, and 2D axisymmetric finite element method ͑FEM͒ simulation give nearly identical results because the zz stress component is much larger than all the other stress components, so the stress state is nearly uniaxial, even with significant necking. Stress components along the axis of the rod are shown in Fig. 9 by a small multiplicative factor, corresponding to 0% to 5% temperature increases, for 760°C set point temperature. Fig. 13 at an elongation of 9 cm. A large increase in the axial stress develops at the neck due to the reduced cross-section area.
V. COMPARISONS OF RESULTS FROM SIMULATIONS AND EXPERIMENTS
Comparisons between one-dimensional ͑uniaxial stress͒ and 2D simulation results for elongation versus time are shown in Fig. 14 , together with experimental results with the same elongation force F and temperature profile T͑z͒ used in the simulations, with temperatures in simulations increased by ⌬T = 33°C to give the observed initial elongation rate.
As shown in Fig. 14͑a͒ , elongation versus time results from simulations and experiments agree well for short times and small amounts of elongation but they diverge for longer times and longer elongations. These same data, plotted as elongation rate versus time in Fig. 14͑b͒ , show that the simulations predict that the elongation rate continues to increase, as the rod continues to elongate and to neck down but the experimental data show that the elongation rate actually decreases continuously.
The simulation results agreed reasonably well with observed radius profiles, as shown in Fig. 15 , except that the profiles from simulations are somewhat deeper, with more necking, than in the experiments. However, there were very large, systematic differences between simulation and experimental results for elongation versus time, as seen in Fig. 14. Note that the simulations predict elongation rates strongly increasing with time but experiments show elongation rates weakly decreasing with time and then becoming nearly constant.
VI. INVESTIGATION OF POSSIBLE REASONS FOR DISAGREEMENTS BETWEEN SIMULATION AND EXPERIMENTAL ELONGATION RATES
Three different possibilities were investigated as causes for the large differences between simulation and experimen- Fig. 9 by ⌬T = 33°C so that the simulations give the same initial elongation rate, 2.6ϫ 10 −4 cm/ s g ͑dashed-dotted-dashed line͒, as shown by the experimental data in Fig. 6 for 760°C set point temperature. ͑b͒ Comparisons for elongation rates from simulations ͑solid line͒, from experimental results ͑᭡͒, and from initial elongation rate calculation ͑dashed-dotted-dashed line͒. tal results for elongation versus time: ͑1͒ failure properly to include triaxial stress effects in simulations, ͑2͒ changes in glass viscosity versus temperature behavior caused by glass relaxation or by partial crystallization during the elongation process, and ͑3͒ inaccuracy or inapplicability of temperature versus position measurements made along the axis of the cylindrical furnace. Results of these investigations are described in this section. The close agreement between the onedimensional uniaxial simulation results and the 2D FEM results, which include full triaxial stress effects, indicate that the latter are not responsible for the failure of simulations to predict the observed long-time elongation rates. Results concerning the other two possibilities are described below.
A. Changes in glass viscosity
There are several reports that the viscosity of glass can be increased by annealing, and structural relaxation, at higher temperatures. [13] [14] [15] Also, annealing might lead to partial crystallization and increased effective viscosity. In order to determine whether either of these phenomena might be responsible for the difference between simulation results and experimental results in Fig. 14 , the effects of annealing on viscosity were investigated for the glass rods used in the elongation experiments. Glass rods were annealed, and then the rates of viscous elongation were measured.
The elongation rate of an unannealed glass rod was compared with that for a rod that had been annealed for 4 h at 731°C. The measurements were made for a weight of 46.8 g and a maximum furnace temperature of 731°C. Figure 16 shows that the elongation lengths as a function of the time for the annealed glass rod and for the unannealed glass rod were identical. Any changes in the viscosity caused by annealing were too small to affect the viscous elongation rate under these experimental conditions. These results demonstrate that annealing-induced viscosity changes, due to structural relaxation or to partial crystallization, could not be responsible for the difference between experimental and simulation results like those shown in Fig. 14. 
B. Temperature changes during elongation
An important input to the simulations is the temperature distribution T͑z͒ along the axis of the cylindrical furnace, which was assumed to correspond to the temperature distribution of the glass rods within the furnace. Experiments were carried out to determine whether shape and dimensional changes in the glass during viscous elongation may be affecting heat transfer between the glass in the furnace, the furnace itself, and the parts of the glass that extend outside of the furnace. Such changes in heat transfer might cause the temperature distribution in the elongating rod to differ from that determined using a straight, nondeforming capillary. Because glass viscosity is highly temperature dependent, changes in the temperature of the glass during elongation could strongly affect elongation rates.
To determine the behavior of the temperature of the glass during elongation, Corning 7740 borosilicate glass capillary tubing with 6.5 mm outside diameter and 1 mm inside diameter, was used in place of the 3 mm diameter glass rods to permit a type K thermocouple to be contained within the larger diameter capillary tubing, with the thermocouple junction located at the center of the cylindrical furnace. Elongation rates and temperatures were monitored with no weight attached to the bottom end of the glass rod, or with weights of 169 and 216 g. Initial capillary lengths were 300 or 1000 mm.
In these experiments, the glass capillaries were hung in the cylindrical furnace and weights were attached when the furnace was at room temperature, before applying voltage to the furnace. Voltage was then applied and increased, to bring the nominal maximum furnace temperature to about 688°C. The nominal maximum furnace temperature T center was read from a type K thermocouple in contact with the outer wall of the 13 mm inner diameter ceramic tube surrounded by a nichrome resistance heater, glass wool insulation, and a 65 mm diameter metal tube enclosure. The thermocouple within the bore of the capillary tube, with its junction at the center of the furnace, was used to obtain the maximum capillary temperature T capillary , as the capillary elongated, similar to the elongation and tapering of the 3 mm diameter rods used in the earlier experiments.
The most rapid elongation occurred at the furnace center, where the temperature was highest and where the thermocouple junction was located. As shown in Figs. 17͑a͒-17͑c͒ , the temperature T capillary initially increased faster than the temperature T center , to a maximum value of about 745°C, nearly 60°C higher than T center .
For case ͑e͒, with no weight attached, only 4 mm elongation occurred, and after an initial 10°C drop in T capillary , from 758°C at t = 1980 s to 748°C at t = 2700 s, the maximum capillary temperature decreased by only 7 to 741°C, at t = 9240 s. During this time, T center remained nearly constant at 690°C.
Very different behaviors were observed for cases ͑a͒ and ͑b͒, where attached weights caused large elongations ⌬L of 64 mm and 119 mm, respectively, which were accompanied by drops in T capillary from 745°C to 694°C and 680°C, respectively. As seen in Figs. 17͑c͒ and 17͑d͒ , the dependence of ⌬T capillary on elongation ⌬L is nearly linear, with the rate of decrease being somewhat greater for case ͑b͒ with the 1000 mm initial length than for case ͑a͒ with the 300 mm initial length. 
VII. ANALYSIS OF HEAT TRANSFER EFFECTS IN GLASS ROD ELONGATION
In order to understand the cause for the observed decrease in T capillary with time, and with elongation, we have carried out a simplified analysis of the factors that determine T capillary and its dependence on capillary diameter, length, and elongation. Our treatment is similar to approach described by Paek and Runk. 16 For simplicity, and as shown in Fig. 18͑d͒ , the temperature of the inner furnace wall is assumed to be constant T F over the full length of the furnace L 0 . T 0 is the temperature outside of the furnace. T G is the temperature of the glass in the necked down region with radius R, which extends through the full length of the furnace. The circumference of the rod in the necked down region is 2R. The original rod radius is R 0 , so the original cross section area is A 0 = R 0 2 . The equation relating the temperature in the glass T G ͑z͒ to the furnace wall temperature T F and the radius of the glass in the neck down region R is
where K eff is the thermal conductivity of the glass, is the emissivity, and is the Stefan-Boltzmann constant. The term on the left hand side of Eq. ͑6͒ represents heat flow from the neck down region to the glass outside of the top and bottom ends of the furnace. In Eq. ͑6͒ the same cross section ͑a͒ and ͑b͒ show elongation length ͑b͒, nominal furnace temperature maximum T center ͑dashed line͒ and maximum capillary temperature T capillary ͑solid line͒ as functions of time t, for ͑a͒ 300 mm initial length and 216 g weight and ͑b͒ 1000 mm initial length and 169 g weight. ͑c͒ and ͑d͒ are plots of the changes in maximum capillary temperature vs elongation length from the time of maximum T capillary for the cases shown in ͑a͒ and ͑b͒, respectively. ͑e͒ shows the same measurements as ͑a͒ and ͑b͒ but for 300 mm initial length and no attached weight. ͑f͒ compares of rates of temperature decrease for cases ͑a͒ and ͑b͒ ͑data points͒ with results of a simple heat transfer calculation ͑solid line͒ described in Sec. VII. area A 0 is used for the top and bottom ends, although as shown in Fig. 18͑c͒ , in the later stages of elongation the cross section area will be smaller than A 0 for the bottom end. This simplification will affect the quantitative results but should not change the qualitative dependence of T G on R.
The term on the right hand side of Eq. ͑6͒ represents heat flow from the inner furnace wall at temperature T F to the glass rod at temperature T G . The dependence of T G on R comes mainly from this term because of the decrease in the circumference of the glass rod as elongation decreases its radius, which reduces heat flow from the furnace walls to the glass. The derivative ͉͑dT G ͑z͒ / dz͉͒ is approximated as T G −T 0 / L f , where L f is the distance over which the temperature of the glass drops from T G inside of the furnace to T 0 outside of the furnace. To simplify numerical evaluations, L f is taken to be the same as L 0 , as shown in Fig. 18͑d͒ ,. The temperature of the glass inside of the furnace T G is assumed to be uniform along the length L 0 of the glass rod contained within the furnace. Introducing ␦T as the difference in temperature between the glass in the furnace and the inner wall of the furnace, T F =T G − ␦T, Eq. ͑6͒ can be simplified for ͉␦T͉ Ӷ T F and ͉␦T͉ Ӷ T G , to yield
With approximate numerical values, R 0 = 0.3 cm, A 0 = 0.3 cm 2 , L 0 = 6 cm, L F = 6 cm, =6ϫ 10
and ␦T͑R͒ = 0.16
From Eq. ͑11͒, ␦T=͑T G −T F ͒ Ͻ 0, the difference between the glass temperature and the furnace wall temperature, is expected to become more negative, the temperature of the glass dropping, as the glass radius decreases.
To compare with the experimental results in Figs. 17͑a͒-17͑d͒, a relation is needed between the glass radius R and the elongation ⌬L, which obtained assuming conservation of volume, with the elongation corresponding to the length of the necked down region,
With this substitution, Eq. ͑11͒ becomes
For ⌬L=0, ␦T = −80 K. With increasing ⌬L, ␦T becomes more negative. Defining the difference between the temperature of the glass for ⌬L = 0 and the temperature of the glass for ⌬L Ͼ 0,
so for ⌬L=0, ⌬T=0, and ⌬T becomes more negative as ⌬L increases.
A closed form solution for the temperature distribution in a stepped cylinder in a uniform temperature furnace, the situation represented by Figs. 18͑b͒ and 18͑c͒ , with the requirements of temperature and heat flow being continuous at the steps z = Ϯ ͑L 0 / 2͒, can be obtained. 17 From that analysis, the deviation ␦T of the temperature of the glass from that of the furnace at z = 0 becomes smaller, the glass becoming hotter, approaching ␦T = 0 as the radius R of the stepped down region becomes smaller, in contrast with the result of Eq. ͑9͒ that the temperature difference ␦T͑R͒ increases, the glass becoming cooler, with decreasing R. The assumption used to obtain Eq. ͑9͒, that ͉͑dT G ͑z͒ / dz͉͒ = ͑T G −T 0 / L F ͒ with constant L F , is not satisfied in the closed form analysis. The temperature decrease observed experimentally during neck down, which is predicted by the approximate analysis leading to Eqs. ͑9͒ and ͑15͒ and which can explain the observed decreasing elongation rates, may involve the actual peaked shape of the temperature distribution in the furnace and the continuous neck down changes in the shape of the rod, neither of which are included in the stepped cylinder model and which would make more accurate analysis much more difficult.
⌬T͑⌬L͒ from Eq. ͑15͒, plotted in Fig. 17͑f͒ , demonstrates that this simple heat transfer calculation reproduces the observed dependence of glass temperature on elongation, for reasonable values of the dimensional and thermal parameters. A more thorough treatment would require numerical analysis like that described by Paek and Runk.
VIII. DISCUSSION AND CONCLUSIONS
This study of viscous elongation of glass rods has revealed an unexpected dependence of the glass rod's temperature on local rod diameter, which results in continuously decreasing elongation rate with time. One-dimensional and 2D simulations assuming that the temperatures in the glass remain in equilibrium with the temperatures measured along the axis of the cylindrical furnace predict continuously increasing elongation rate with time, as the rod local diameter decreases in the highest temperature region of the furnace. Nevertheless, the simulations give predictions of glass rod diameter profiles for different total elongations similar to those obtained experimentally, although the simulations over estimate the degree necking, i.e., they predict somewhat smaller minimum rod diameters than those observed.
Agreement between predictions of one-dimensional and 2D simulations, and the very small values of non-axial stresses indicated in the latter, confirm that the viscous deformation under these conditions is determined essentially by the axial stress. Absence of significant effects of preannealing on elongation rates rules out explanations based on increased viscosity caused by structural relaxation or by partial crystallization. More realistic modeling of viscous elongation of glass rods requires incorporation of improved treatment of heat transfer processes between the furnace and glass rod.
